Introduction
It is shown that all the homology groups of the identity component of the group of all homeomorphisms on R n which preserve the leaves of the product foliation vanish. This may be viewed as a starting point for the problem of perfectness of nontransitive groups of homeomorphisms.
Let G be an arbitrary group. Recall that G is called perfect if every g G G may be written as a product of commutators g = [ . It is clear that [G, G] is a normal subgroup of G, and any nonabelian simple group is perfect.
We shall be concerned with groups of homeomorphisms. By Q{n) we shall denote the group of all homeomorphisms of R n . The starting point of our considerations is the following
THEOREM. The identity component of the group Q(n), denoted by G(n)o, is perfect (and simple). The same is true if R n is replaced by any connected topological manifold.
The first assertion is due to J. N. Mather [5] . Actually Mather proves a stronger result stating that all the homologies of G(n)o in dimensions greater than 0 vanish. The fact that the perfectness implies the simplicity in a large class of transitive homeomorphism groups was proved by D. B. A. Epstein [4] . The second assertion is an immediate consequence of a difficult factorisation property for homeomorphisms of a manifold (see EdwardsKirby [3] ).
The question of perfectness is still valid in the case of automorphism groups of nontransitive geometric structures although such groups are usually not simple. The Poisson and Jacobi structures exhibit important examples of such structures but the problem of perfectness of their automorphism groups seems to be very difficult (see [1] , [2] where only the transitive case of such a problem has been investigated).
Our aim here is to answer the question in the affirmative in a very simple case of nontransitive geometric structures, namely in case of the leaf preserving homeomorphism group of (R n ,Fk), where Fk is the ¿-dimensional product foliation on R n (Theorem 3.3). To this end we slightly modify an argument of Mather, and we state that all the homologies of dimension greater than 0 of the group in question vanish. For 1-dimensional homologies our result can be viewed as a topological counterpart of a much more difficult result for diffeomorphisms (cf. [6] ). In final section we remark that the factorisation property yields the perfectness of the group preserving homeomorphisms.
Topological preliminaries
Let G be a topological group. We recall the definition of homology groups associated with G. Denote Cr(G) = free abelian group on the set of all r-tuples (jfi,... ,gr),
by the formula 
1=1
Then d 2 = 0. The symbol Hr(G) will stand for the r-th homology group of the above chain complex. It is well known that
that is, the first homology group is equal to the commutator quotient group. Let now c -^ kj(gij,... ,grj), where kj 6 Z, be a chain from Cr(G(n)). We define the support of c by supp(c) := (Jsupp(^j), where supp(jf) is the closure of the set {x : g(x) ^ x}, g being a homeomorphism. Thus supp(c) C U iff supp(<7jj) C U for each i,j.
Homology groups of Q(n,k)0
Let Fjt,0 < k < n, be the product A;-dimensional foliation on R n , that is, Fk = {R fc x {pi}}-We denote by Q(n,k) = G(R n ,Fk) the totality of leaf preserving homeomorphisms of the foliated structure (R n , Fk). The Q{n, k) can be viewed as a simplest example of a nontransitive group of homeomorphisms.
LEMMA 3.1. Q(n,k)O, the identity component of G(n,k) in the compactopen topology, consists of all compactly supported homeomorphisms.
Proof. An analogous fact for G(n) is true due to the so-called Alexander trick. The Alexander trick shows that the identity component in the compact-open topology of G(n) is the group Q(n) 0 consisting of all compactly supported homeomorphisms. The same is valid for G(n, fc).First fix the notation. Denoting (x,y) eR'x R n~* = R n we have that g € G(n,k) iff g can be written in the form where / : R" -* R fc is continuous and such that f\R k x {pt} is a homeomorphism.
Now any compactly supported g € G(n, k) is isotopic through to id, where
This completes the proof, since the identity component of the homeomorphism group on a manifold consists of all homeomorphisms isotopic with the id through compactly supported isotopy (cf. [3] ).
From now on the symbol Gu{n,k)o, where U is an open ball, will stand for the set of elements in G(n, k) compactly supported in U.
LEMMA 3.2. Let <f> E G(n,k) 0 and let a € C r (G(n, k) 0 ). Then a and Ad^o = 4>a4>~1 are homological. The same is true for Gir(n, k)o instead of G{n,k) o.
Proof. Let {<^> t } be a compactly supported isotopy joining <j> with id. Then {Ad^, <r} is an isotopy in C r (G(n, k) 0 ) joining a with Ad^o. Thus a and Ad^tr are homological. Now we state our main result Remark. The above construction cannot be carried over to the case of diffeomorphism groups. The first reason is that the construction of tpi(h) cannot be accomplished in the smooth category. The more general reason is that the Alexander trick is no longer true, and consequently the definition of homology becomes much more complicated in that case (cf. [1] , [6] ). However it is still true that H\(Q°°(n,k)0) = 0, where Q°°(n, k) stands for the group of leaf preserving diffeomorphisms of class C°° on (R n , F^), but the proof is much longer and difficult [6] .
Possible generalizations for foliated manifolds
There was proved in [3, Corollary 3.1] the following factorization property. The proof of the above theorem is very long and difficult. A careful examination of it leads to a conclusion that it cannot be directly extended to foliated manifolds. However one can expect that this theorem still holds in the foliated case, that is, that Q{M) can be replaced by the leaf preserving diffeomorphism group Q(M,F),at least for simpler types of foliations. This would be important because of the following In fact, any h G G{M, F)0 can be factorized h = h r 0 ... o hi, and each hi can be viewed as an element of G{n, k) Q . Hence by the theorem each hi is a product of commutators, and so is h.
